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Section 1

Questions in this section are multiple-choice.
Record the single best answer for each question on the provided answer sheet.

1. The diagram shows the points A, B, C, D and P and the vector OP.

VA A
P
‘B

0 X
-C D

The projection of which of the vectors below onto OP has the greatest magnitude?

2. A car dealer buys 139 cars, each of which is painted one of four colours: red, green,
blue or white. Consider the statement: “At least X of the cars must be the same

colour”. By the pigeonhole principle, what is the largest value of X for which this
statement is true?
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3. Consider the area between the curve y = log, =, the z-axis, z = 2 and = 4 as shown
in the diagram.

y!\

What is the area approximated by one application of the trapezoidal rule?
(A) 3log, 2
(B) log, 6

log, 2 + log, 4
(C) Oga ;’Oga

o) 2

4. A curve C is defined parametrically as x = f(¢) and y = g(t), the graphs of which are
shown in the diagram.

What is the gradient of the tangent to the curve C when t = 27

(A) 2
(B) 3
(C) —3
(D) —2
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5. If f(z) =2cos g, what is the natural domain of y = f~*(z)?

(A) [0,2]
(B) [-2,2]
(C) [=m, 7]
(D) [0, 27}
: o dy
6. Which of the following is the slope field of pt |z +y|?
(A) | (C)
— 7/ /3 — /7 /3
# = @& gt ] / N — s )]
f # —w F ¥ NN — /]
/ / \
=3 =2 -l I B 3 B
A G N G
f 1 (B # = F VoV N2y N —
| | /=3 /7 7 — A WO W 3 S N N
(B) (D) ‘
[ 3 / 7 — (T T S N N
[ ¢ f 2f & — 7 Vovov 2y N —
[ Sy = s NNy —
/ \
B 4 ] & & R T
s o— /] ] NN /]
/o= s2f ) No— s
— 7 8y f [ | — 7 /3

7. A year group of 200 students consists of 100 girls and 100 boys. In how many ways can
20 prefects be chosen from the year group if the prefect group has an equal number
of girls and boys?

(A) 200010 190010

(B) 100010 100010

200020

(€) ————
100Ct o 1000,

200020

(D) —;
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8. A museum sells adult and concession tickets. Let the components of u be the number
of adult tickets and the number of concession tickets sold in a day, and the components

of v be the price of an adult ticket and the price of a concession ticket. What does
the dot product w - v represent?

(A) The average ticket price

(B) The total number of tickets sold on that day
(C) The total value of the tickets sold on that day
(D)

D) The cosine of the angle between u and v

9. The graph of y = f(x) is shown with a dashed line in the diagram. The graph of
y = g(z) is a transformation of y = f(z), and is shown with a solid line.

Ya ,
1
4 l”
y=gx) |
23 /
;
/ 2\\\ ll”
Ay l’I
/I 17 \\ !
II \\ I’
3 2 -1 N2 A 4
1 N !
: -1 N
; - y=f(x)
1
1

What is the equation of y = g(z)?
(A) g(z) = |f(z) +1]

(B) g(z) = f(le —1])
(C) g(x) = |f(z) - 2]
(D) g(x) = |f(|z] = 2)]

10. Consider y = f(z) on the the domain (0,00) where f/'(x) > 0. Let g(z) = f (l)
x

Given y = f(z) and y = g(z) intersect at x = a, which of the following is NOT
ALWAYS TRUE?

(A) g'(a) <0
(B) ¢'(a) = —f'(a)

© @ =1 (1)

End of Section 1

The paper continues in the next section

-6 —
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Section 11

This section consists of long-answer questions.

Marks may be awarded for reasoning and calculations.
Marks may be lost for poor setting out or poor logic.
Start each question in a new booklet.

QUESTION ELEVEN (15 marks) Start a new answer booklet.

(a) Show z + 1 is a factor of P(z) = 27 — 2z — 1.

d
(b) Consider the differential equation d—y = y(1—=z). Calculate the gradient of the solution
x
curve passing through the point (3, 2).

(c) Which boy’s name has more unique arrangements of letters: MILO or SAVVAS? Show
your working.

(d) Evaluate / cos? 2z dz.

(e) Solve :E 1> 3.

T

(f) Use mathematical induction to prove that 5n% — 3n is divisible by 2 for all positive
integers n.

3cost]

(g) The position in metres of a particle at time ¢ seconds is given by z = {4sint

By finding the velocity v of the particle, calculate the particle’s minimum and
maximum speed.

Marks
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QUESTION TWELVE (14 marks) Start a new answer booklet. Marks

1
(a) Calculate / z(1 — z)" dz using the substitution u = 1 — x.
0

(b) The current world population is approximately 8 billion people. Assuming the
‘carrying capacity’ of the earth is 25 billion people, Anna models the population P
after t years using the differential equation:

dP
— =k(25—-P
il )
(i) Show that P = 25 — 17~ ¥ satisfies the differential equation above.

(ii) Find k if the world population after 1 year is 8.072 billion people. Write your
answer correct to 3 significant figures.

(iii) After how many years does Anna’s model say the world population will reach 20
billion people? Round your answer to the nearest whole year.

(c¢) Consider the parallelogram formed by the vectors ¢ and b as shown in the diagram.

y

A

X

(i) Write down vectors representing the diagonals of the parallelogram in terms of a

and b.
(ii) Using vectors, show that the diagonals of the parallelogram are perpendicular
when |a] = [8]

(d) The curve below, called a cycloid, is defined parametrically as:

x=t—sint, y=1—cost, t€[0,2n]

y
2
1
0 n X
(i) Show that dy _ _sint
dr 1 —cost’
1
(ii) Hence find the value of ¢t where the gradient of the tangent to the curve is —.

V3

-8 —
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QUESTION THIRTEEN (16 marks) Start a new answer booklet. Marks

4
2
(a) Expand and simplify (x — ;) .

(b) Two objects are launched at the same time from horizontal ground 20m apart.
Object A is projected from the origin at 20m /s at an angle « degrees towards Object B
and Object B is projected vertically at V' m/s. The objects collide on their downward
journey 10m above the ground.

YA
20 +
151 AA. ’s
10 + |
.
" 20m/s V'm/s
a 4 4 4 4 -
0 5 10 15 20 25 X

The positions 7, and 7, of Object A and Object B respectively after ¢ seconds are
given by the vector equations below (you do NOT need to prove these).

- 20t cos a and 1 — 20
~A T —5¢2 4 20t sin o ~B | 512 4Vt

(i) Given that 45° < a < 90°, show that a ~ 72°.

o] [ee]

(ii) Hence find V. Write your answer correct to 2 decimal places.

2 1 1
c) (i) Show that ——— = — + ——. 1
© O y2—-vy) y 2-y
d
(ii) Let y = f(z) be the solution to % = y(2 —y) where y(0) = 1.
. . . 2
Solve the differential equation to show that f(x) = Ep=rs

[o]

(iii) Show that y = f(z) has point symmetry around (0, 1) by showing that
g(x) = f(x) — 1 is an odd function.

(iv) Find lim f(x) and xli)r_noo f(z).

Tr—00

[=]

2
(v) Hence sketch f(z) = = showing all intercepts with the axes and the
e
equation of any asymptotes.
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QUESTION FOURTEEN (15 marks) Start a new answer booklet. Marks

x
(a) A container is formed by rotating the curve y = 10 tan~! 1 around the y-axis from

y = 0cm to y = 12cm as shown in the diagram. The container is filled to the top
with water.

141

12]
10

10 -8 -6 -4 20 2 4 6 8 10

(i) By noting that tan®# = sec? § — 1, show that the initial volume Vj of water in the
container is 690mL, to the nearest mL.

(ii) A hole is made at the bottom of the container and the water drips out a rate of

5
3mL/sec. Find the rate of change of the height h of the water when h = ; cm.

(b) In the diagram, OP = (1— )\)07, O_Q) = \OB and PR = )\@, for some real
number A where 0 < \ < 1.

A

B

(i) Show that OFR = (1-— )\)2O_fi +A\20B where 0 < A < 1.

(ii) Show that the Cartesian equation of the curve described by OFR when A = (2,1)
and B = (3, —1) is parabolic, and find the coordinates of its vertex.

The question continues on the next page

— 10 —
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QUESTION FOURTEEN (Continued)

(¢) (i) A monic polynomial P(z) of degree 4 has two zeros m and n, each of which has
multiplicity 2. Write down the equation for P(z).

(ii) The curve f(z) = —z* + 2® + 42 — 4z touches the curve g(z) = a(z — 2)> + b
twice as shown in the diagram.

y=f(x)

Using the result from part (i), or otherwise, find the values of a and b.

END OF PAPER

—11 -
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